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In solidification, one is primarily interested in the movement of the solid- 

liquid interface and not in the details of the internal temperature distribu- 
tion. This is parallelled in many other processes of practical interest. Because 
of the linearity of the governing equation, one may readily obtain an integral 
relationship between the system variables, as expressed by the moment equa- 
tions. By further introducing physically reasonable assumptions, one obtains 
bounding or approximate solutions, some of which are simple but accurate 
analytic expressions. 
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Approximate analytic solutions to problems which can- 
not be solved by rigid analysis are attractive for engineer- 
ing purposes because they are easily incorporated in feasi- 
bility and optimization studies on complex processes. If two 
such solutions can be found which not only approximate 
but also bound the unknown true result, then a numerical 
or experimental verification becomes redundant as long as 
the relative difference between the two bounds is suffi- 
ciently small. The approach thus provides a built-in error 
criterion. 

When trying a systematic attack on certain classes of 
such problems, one immediately encounters a difficulty. 
Tight and hence useful bounds often require specific as- 
sumptions concerning the physical rather than the mathe- 
matical situation. In consequence, the results will not al- 

ways be of the desired generality. For this reason, the pres- 
ent study deals only with linear diffusion types of prob- 
lems containing a nonlinear boundary condition. 

More specifically, this paper considers the general prob- 
lem of unidirectional solidification subject to a known heat 
flux from the melt and a boundary condition of the third 
kind (sometimes termed Newton’s cooling) at the cold slab 
surface. Simplified versions of this problem have received 
continuing attention in the literature, but to our knowledge 
the above problem has only been dealt with by a few ap- 
proximate methods, most of which require numerical 
evaluation and are difficult to assess in their accuracy. Our 
aim is to generate accurate analytic bounds for the gen- 
eral problem from which the simpler problems treated 
previously can be extracted as limiting cases. 

CONCLUSIONS AND SIGNIFICANCE 

Using various types of moments of the governing diffu- 
sion equation, one obtains integral relations which can be 
integrated analytically once suitable approximations to the 
integrands have been introduced. However, instead of mere 
approximations, we insert rigid inequalities so that after 
integration we have bounding solutions for the solidifica- 
tion time as a function of the solid thickness and the sys- 
tem parameters. These inequalities are suggested by physi- 
cal reasoning, and it is obvious that the tighter the in- 
equality the better will be the bound but the more in- 
volved may be the final integration. The limit is reached 
when we have to resort to numerical integration of the 
bounding equation. 

By comparison with previous numerical results, it is 
shown that analytic results can be generated which remain 
sufficiently accurate up to quite extreme values of the 
system parameters. Typically, the maximum relative error 
is of the order of lo%, a surprisingly good agreement in 
view of the simple structure of the equations. Situations 
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of extremely rapid solidification, such as the classical 
Stefan solidification at a very small ratio of latent-heat to 
internal-energy removal, give rise to larger errors. But most 
of these cases have been covered by previous authors, and 
analytic working equations of good accuracy do exist. 
Whereas it is primarily the intermediate range of moderate 
solidification rates and more general boundary conditions 
which so far have not been covered adequately, we believe 
that this gap has been closed with the present analysis. 
For extremely slow solidification processes one may, of 
course, follow the well-known quasistationary approach 
to obtain accurate results. 

Based on the same philosophy, some approximate re- 
sults are also derived. They are not rigid mathematical 
bounds but are believed to form fairly tight upper and 
lower approximations. Although for the general case nu- 
merical integration becomes necessary, the results may 
still be useful for certain applications. The upper approxi- 
mation does, in fact, lead to the same equation as a pre- 
viously published method where the results were claimed 
to be accurate to within 2.55%& 
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With the increasing computation cost attached to a nu- 
merical simulation, the development of approximate ana- 
lytic solutions to complex problems becomes increasingly 
more attractive. A classical example of such an approach is 
the boundary-layer concept in fluid mechanics, but over 
the last two decades, various other methods have been 
developed. Variational calculus, matched asymptotic ex- 
pansions, imbedding techniques, and more advanced in- 
tegral methods have been used successfully to circumvent 
the complexity without sacrificing too much accuracy. 

Although numerical solutions with their generally high 
accuracy are desirable for comparison purposes and for 
case studies, they are not quite suitable for many engi- 
neering purposes, Here one often requires a compact ana- 
lytic result for further use in dynamic process investiga- 
tions and/or in the design of equipment. Accuracy is of 
minor importance as long as one has an estimate of the 
maximum possible error inherent in the result. To that end 
one can either generate a few numerical results at sample 
points or, rather than develop just one approximate solu- 
tion, try and find two bounds which form a reasonably 
tight envelope around the unknown exact solution. Obvi- 
ously, the latter approach does not require any numerical 
simulation, since the discrepancy between two such bound- 
ing solutions is itself indicative of the maximum possible 
error. The user can decide immediately whether or not 
the approximation is acceptable for the particular applica- 
tion in mind. 

Approximate solutions with bounding character are 
well documented in the literature, the most prominent 
one being perhaps the pseudo steady state solution to a 
transient problem. However, to find a useful second bound 
in many cases is not quite as simple and may involve 
physical arguments that are limited to a particular process. 
In view of the variety of possible complications arising in 
the differential equation or in a boundary condition, it is 
doubtful whether generally valid mathematical rules can 
be devised at all. In the following we shall therefore 
limit ourselves to problems where the differential equation 
is linear but where one of the boundary conditions ob- 
structs a rigid analytic approach. More specifically, we 
consider the diffusion equatlon 

au - = v2u 
at 

Fig. 1. Illustration of the system and the various approximate 
temperature profiles. 
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to be solved subject to a boundary condition of the form 

21 

The latter equation may be seen to include commonly en- 
countered cases such as the heating of a wall due to a 
time-dependent, heat transfer coefficient 

kc ax 1 = h ( t )  [T(x l ,  t )  - To] (W 
X1.t 

or due to thermal radiation 

X1.t 

These will be dealt with in a later article; here we shall 
concentrate on the nonlinear boundary condition associated 
with the problem of unidirectional solidification; that is 

Zl(t) Xl ( t )  

The latter problem, known as the Stefan problem, has 
received continuing attention in the literature, a conse- 
quence of its importance in fields such as food processing, 
chemical and metallurgical engineering, and space and 
biological sciences. Apart from a few special solutions 
(Carslaw and Jaeger, 1959), no exact results are avail- 
able because of the difficulties connected with Equation 
( 2 ~ ) .  Rather than reviewing all the numerical and ana- 
lytic methods used in this context, we may refer to the 
book by Ockendon and Hodgkins (1975) and just add a 
few relevant remarks. 

With unidirectional solidification, the boundary condi- 
tion on the cold side of the slab will commonly be of the 
third kind, and, in general, we also have to allow for heat 
flux from the melt to be incorporated in the other bound- 
ary condition at the solid-liquid interface. This may be 
termed the general problem and has been analyzed by 
Stephan (1969) who assumed a parabolic temperature 
distribution in the solid and obtained an expression for 
the rate of solidification which, however, cannot be inte- 
grated analytically. Further, a perturbation analysis by 
Huang and Shih (1975) is available but is limited to large 
values of the parameter Ph (see below) or else numerical 
integration becomes necessary. Similar reasoning seems 
to apply to the analysis of Siegel and Savino (1966), al- 
though their method does not necessarily converge to the 
correct answer. To our knowledge, all the other numerical 
and analytic studies have been limited to simplified ver- 
sions of the above problem. Either heat flux from the melt 
was neglected (Goodman, 1958; Hrycak, 1963; Megerlin, 
1966; Stephan and Holzknecht, 1974, 1976) or the tem- 
perature at the cooling face was assumed constant (Libby 
and Chen, 1965; Lapadula and Mueller, 1966; Beau- 
bouef and Chapman, 1967; Savino and Siegel, 1969). 
Making both these assumptions simultaneously, we have, 
of course, the original Stefan problem for which an exact 
analytic solution exists. Other boundary conditions such 
as comtant heat flux at the cold or at the warm interface 
have also been considered (Goodman, 1958; Boley, 1963; 
Goodling and Khader, 1975), but with a few exceptions 
they represent cases of minor practical importance. 

A disadvantage of all the analytic approximations is the 
inherent uncertainty about the accuracy of the results. 
Most authors draw on a selection of numerically exact 
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data to justify their approach and find good agreement at 
certain stages of the process or for certain combinations 
of the system parameters. Sometimes improved accuracy 
is gained by iteration (Siege1 and Savino, 1966) or per- 
turbation; in other cases, the basic result is modified to 
match numerical data. But in spite of the usually more 
complicated expression, its general reliability remains dif- 
ficult to assess. In fact, it can be shown that some of the 
apparently good models break down under extreme and 
yet practically possible conditions. This unsatisfactory 
state calls for a self-checking approach, independent of 
a numerical solution, such as the development of two 
bounding solutions of the type discussed above. 

However, bounding solutions to the present problem 
are rare. Boley (1963) discusses the melting of a solid 
slab subject to a constant heat flux condition at the ini- 
tial or at the instantaneous solid-liquid interface. By im- 
posing a larger or a smaller flux, but in each case one for 
which an analytic solution can be obtained, he finds 
bounds. Elmas ( 1970) considers solidification subject to 
a constant cooling wall temperature and derives bounds 
for the rate of solidification, but in the final explicit form 
the results cease to be bounds in a mathematical sense. 
Kern (1977) obtains solutions to the above defined gen- 
eral problem and, from the comparison with numerical 
results, suggests rather than proves their bounding char- 
acter. 

We conclude that simple bounding solutions to the 
general unidirectional solidification problem are highly 
desirable from an engineering as well as scientific view- 
point but have not been presented as yet. The basic ap- 
proach here is to use moment equations as well as physi- 
cal arguments to derive mathematical bounds which are 
sufficiently tight so as to be useful for practical applica- 
tion. However, it should be clear that with any bounding 
solution there is still room for improvement so long as the 
bound is not identical to the exact solution. 

MATHEMATICAL PRELIMINARIES 

Assuming constant physical properties of the phases, 
negligible dilatation effects, convective transfer on both 
sides of' the solid layer, and a well-defined phase-change 
temperature as well as solid-liquid interface, we describe 
the general problem by the following nondimensional 
equations (for symbols see Figure 1 and the notation) : 

x=o 
d6 = Ph - + ABi ax dr 

(3) 

(4) 

(5) 

X = b ( t )  

e ( x  = 6) = 1 (6) 
It is pointed out that the reference length do, which en- 
ters the Biot modulus, is entirely arbitrary at this stage. 
However, by performing the final integration from 6 3 
d/d, = 0 to 1, the solidification time is obtained in the 
form 

where Bi is effectively the space variable. This notation 
was found to simplify the algebraic manipulations and is, 
of course, just one of the many possible ones. The phase- 
change parameter Ph relates the latent heat A' (which in- 
cludes any desuperheating of the melt) to the maximum 
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r = f (B i ,  Ph, A )  (7 )  

internal energy c (TP - T,) per unit mass of solidified 
material. Its magnitude indicates the relative significance 
of these two quantities: with Ph + cc the process is domi- 
nated by latent heat removal, whereas with Ph + 0, the 
solidification time is controlled by the removal of internal 
energy. In practice typical values are found in the range 
0.2 6 Ph 6 20. Note that 1/Ph (Stefan number) has also 
been used in the literature. A is the flux parameter and 
relates the heat flux from the melt to the heat flux to the 
sink. For solidification to proceed, A must be smaller than 
one, but since a frozen layer of thickness Bi offers a ther- 
mal resistance, the value of A is further limited by 

1 A4- 
1 + Bi 

The nonlinearity in Equation (5), which corresponds 
to Equation ( 2 c ) ,  is known to obstruct a rigid analytic 
solution of the problem. But even a numerical integration 
becomes involved because the system boundary moves at 
a variable speed. Hence, to obtain accurate results, suc- 
cessive readjustment of the grid spacing is necessary (see 
the discrepancies between the results of Tao, 1967, and 
those of Stephan and Holzknecht, 1974). This reason and 
the fact that we deal with a two-parameter system (Ph, 
A )  may explain the attractiveness of approximate analy- 
ses. However, in order to find bounding solutions, we have 
to establish inequalities rather than approximate relation- 
ships and keep in mind that the former can be integrated 
but not necessarily differentiated. 

Throughout this paper we shall be using one or more 
of the following expressions: 

1. The unknown temperature at the cooling surface Ow. 
The backward first moment of Equation (3) is 

ae aze 6 

ax2 37 
s," ( 6  - X) -dX = ( 6  - X )  -dX ( 8 )  

Integration by parts of the left-hand side yields 

(8 - X )  - }: + f s d X =  
ax 0 

- S B ~ B ,  + (1 - e,) (9) 

From the maximum principle aO/dr,  and hence the right- 
hand side of Equation (8) is shown to be always negative 
so that 

or 
- m e ,  + ( 1  - e,) 40 

2. The unknown temperature distribution in the solidi- 
fied slab 0. Since the curvature of the temperature profile 
is always negative (see above), we write 

and eliminate Ow by use of Equation ( 10). Thus 

1 + XBi  
1 + 6Bi 

8 %  = el6 

This lower temperature profile &"(T1") is included in 
Figure 1. However, we can also formulate an upper tem- 
perature profile by making use of Equation (5)  : 

e A i -  ( 6 - X I - -  

X = 6  

From this we derive inequalities of differing tightness (see 
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Figure 1 )  ; that is 

0 L  1 - (6 - X ) A B i  = &* %82* ( 1 4 )  
0 L 1 = 04* e3* 2 oZ* ( 1 5 )  

By employing various combinations of these inequalities in 
the zero- and first-order moments of Equation (3) ,  we 
shall be able to perform the second integration and ob- 
tain bounding solutions for the solidificatlon time. 

BOUNDING SOLUTIONS 

Integration of Equation (3)  yields 

( 1 6 )  
ds 
dT 

= P h -  + ABi - BiB, 

The first moment of Equation ( 3 )  is used to eliminate the 
unknown temperature 0,: 

With this we write Equation (16) as 

a0 ds l ( 1  + B A )  - d X  = P h ( l +  Bis)  - 
dr a7 

+ B i ( 1  + B i s ) ~  - Bi ( 1 8 )  
Equation (18) provides the starting point for the genera- 
tion of the various bounding solutions. 

Lower bounds 

( 1 5 ) .  Since in that case 
A first lower bound is obtained by use of Equation 

ad ae4* 
ar ar 
-_  ‘-=O 

it follows that 

] (19) 
EL(  $),=,[ Bi 1 - A ( 1  + BiS) 
dr 1 + Bi8 

Separating the variables and integrating over 6 from 0 to 
1, we obtain 

In I - -  ABi ) (20) r k r 4 =  ---- P h  P h  
BiA ( 1 - A  

This is the well-known quasistationary solution which was 
first derived by Planck (1932). The assumption of a con- 
stant solid temperature e = 1 implies that only latent heat 
but no internal energy is removed from the system. The 
solutions for constant wall temperature (Bi + 00, A + 0, 
Bih finite) and/or no heat flux from the melt ( A  + 0) 
are easily extracted from the above result. Equation (20) 
is, however, known to heavily underpredict the solidifica- 
tion time when P h  is small (6 1). It is therefore worth- 
while improving the bound by including the removal of at 
least some internal energy. 

Applying Leibniz’s rule to the left-hand side of Equa- 
tion (18), this becomes 

ds ”J: ( l + B I X ) ( 0 - - 1 ) d X = P h ( l +  B i s ) -  
d7 dr 

+ B i ( 1  + B i 8 ) ~  - Bi (21) 
Integration yields 
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s,” ( l + B i X ) ( e - l ) d X = P h S (  l + B i ~ )  s 

+ B i ( A  - 1 ) .  + BiLa $; Sdr ( 2 2 )  

The integrals are approximated by use of Equations ( 1 4 )  
and ( 19). From the former it follows that 

f ( 1  + B i X )  (0  - 1 ) d X L  

- s,” ( I + B i X ) ( S - X ) A B i d X =  
1 Bi8 

-aBisz ( + T) (23) 

Further, from Equation ( 1 9 )  

- 
dr 

so that 

Performing the integration, rearranging Equation (22), 
and evaluating between the limits of S, we finally obtain 

7 s T3 = - - - ~ 

P h  ph ln(l--) ABi 
ABi ( A B ~ ) ~  l - A  

A Bi 
1 - A  

Since the last term is always positive, a tighter bound is 
provided by Equation (26) as compared to Equation 
(20) ; that is 

However, the improvement is limited to A $: 0 because 
otherwise 13 = r4. Further improvement on this bound is 
achieved by employing Equation (13a) rather than ( 1 4 ) ,  
but then the time r2 has to be evaluated by numerical in- 
tegration: 

r 3  74 (27) 

- ( A B i + P h ~ ) f i 2 ( ~ + ~ )  (23a) 
d7 6 

and Equation (25) are inserted in Equation (22) to give 
the nonlinear differential equation 

P h  1 Bi6 d8 BiS (y 4- 7 ) ; t ; L  - AS2( f + 7) + ( 1  - A ) r  

P h ( 1  - A ) 8  P h ( 1  - A )  In( 1 --) ~ B i 8  (28) 
+ hBi + (ABi ) ’  1 - A  

It  is easily seen that integration of the equality leads to 

r 2 (  Bi, A, P h )  4 T (29) 

With a numerical integration r,,, we do lose some of the at- 
tractiveness of the basic approach, but, on the other hand, 
a significant improvement is expected in the case of A = 0 
and Ph < 1. 

Finally, another analytic lower bound for r may be 
found by rearranging rather than integrating Equation 
(21) and by using both Equations ( 1 2 )  and ( 1 4 ) .  From 
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1 
Bi dr 

( 1  + B R ) ( e  - 1)dX 

Ph ds - ( 1  + BiS) - 
Bi dr 
1 - A ( l +  BiS) 

- - - 1 (2la)  

we obtain, after integration over S between 0 and 1 

$-=---- Ph ph .(I--) ABi 
ABi (ABi)2 1 - A  

P6 , ,.l d 3 ,  ( l + B i X ) ( B - l ) d X  
(30) - -3, Bi 1 - A( 1 + BB) 

Since the last term can be integrated by parts 

f ( 1  + Six )  (0 - 1)dX s,'... = 
1 - A(1 + Bi) 

" (31) [1 - A(l  + Bi8)]2 
we have an expression for T with e appearing in two differ- 
ent terms of opposite sign. By employing Equation (14) 
in the first term and Equation (12) in the second term 
of Equation (31), we add less to the value of r than is ex- 
pressed by the integral in Equation (30). The result thus 
constitutes a lower bound. 

Reversing first the integration by parts on the second 
term of Equation (31). which now contains @I*, we can 
combine terms such that 

Ph ABi rh---- ph .(1--) 
ABi (ABi j2  1 - A  

L f ( 1 +  BiX)(&" -&*)dX 
Bi 

1 - A ( l +  Bi) 

df ( 1  + B i X )  (8'" - 1)dX 
1 '  

(32) l - ~ h ( l + B i S )  

With the above expressions for &* and 81*, all the inte- 
grands are seen to be polynomials in X or 6. The integra- 
tion is tedious but straightforward and leads to 

rk r71=- - - -  Ph Ph ln(1--) ABi 

1 
6 ( 1  + Bi) 3Bi(l  + Bi) 3ABi 

A B ~  ( A B ~ ) ~  1 - A  

-- 1 - 3 + Bi - 

h(1--) ABi (33) 
l - A  

From the approach it is quite clear that this bound is not 
necessarily tighter than the one given by Equation (20),  
the quasistationary solution. It is only for larger times, 
when the frozen layer approaches its maximum thickness, 
that the last term in Equation ( 3 3 )  dominates the other 
additional terms, and 71 will provide a good lower bound. 
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Upper boundr 

For the purpose of generating an upper bound for the 
solidirication time, we slart from Equation (22) and inte- 
grate the last term on the right-hand side by parts; that is 

f ( 1  + BiX) (0 - 1)dX = Ph8 (1 + -) B 8  
2 

+ Bi(A - 1). + Biz*( 6r - f rds') (22a) 

Here the integrals can be approximated as follows: 
From Equation (12) 

f ( 1 + B i X ) ( B - l ) d X ~ ~ ( l + B i X ) ( ~ ~ ' - l ) d X  

and from Equation (26) 

Rearranging Equation (22a) and evaluating r between 
the limits or 6, we obtain an upper bound: 

/ 1  B i \  
\2+61 

( 1  + Bi)[1 - A ( 1  + Bi)] 
+ 

1 Bi 
A%( 6 + 24) 

(36) - 
( 1  - A)[1 - A ( l  + Bi)] 

Equation (22a) indicates that the tighter the lower bound 
we insert the tighter will be the upper bound we obtain. 
If we had used Equation (20) instead of (26), the last 
term of Equation (36) would not have appeared, and a 

poorer upper bound 74 would have been obtained. How- 

ever, even 73 is found to overpredict sigdcantly the solidi- 
fication time at large times and small values of Ph. In this 
region we expect a tighter upper bound to result from 
the alternative approach discussed above. One may verify 
that by using Equation (12) in the first term and Equa- 
tion (14) in the second term of Equation (31), we now 
obtain an upper bound given by 

A 

A 

rLrl=---- A Ph ph ln(l--) hBi 
A B ~  ( A B ~ ) ~  1 - A  

----In( 1 1 - A' 1 -2%) 
2BiA 2(4Bi)' l - A  

(37) 
1 + Bi/2 + BP/6 

2Bi( 1 + Bi) 
- 

The comparison of Equations (36) and (37) indicates 

that, as before, r1 is the better long-time bound. 
Different boundary conditions 

Apart from the general problem characterized by the 
boundary conditions (4 )  and ( 5 ) ,  there are a number of 
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simpler cases for which the results can either be extracted 
from the above equations or are obtained by an analogous 

subject to a constant heat flux 
4 at the cold surface of the slab, then the reference 
temperature difference ( T p  - T c )  is replaced by qdo/k 
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such that 
L ( T m  - Tp) and A* = h’k Ph’ = - 

procedure. qdoc 4 
If the system is become the system parameters. Further, when the cold- 

surface temperature is constant (h ,  3 a), the character- 
istic parameters become 



- _  d6 0 
d T  dX 

X = S  

Fig. 2. Approximating the left-hand side of Eq. (18). 

Finally, in many situations the melt is at or slightly 
above the phase change temperature Tp,  and convective 
flux from the melt can be neglected. In that case, the ap- 
propriate parameter 

X=6 or 

X = 6  

From the illustration it is seen that Equation (39) tends 
to overpredict the solidification time because we assume 
that the temperature of any interior solid element changes 
at the same rate as at the solid/liquid interface, whereas 
one would expect the change [a8/aT[ to be smallest at  the 
wall. Likewise, Equation (40) tends to underpredict the 
solidification time, particularly when we consider that for 
the general problem a8JaT < 0. In fact, it can be shown 
that for constant wall temperature and no heat flux from 
the melt, the latter approximation leads to a lower bound 
for ‘T and thus will, most probably, constitute a lower 
bound also in the general case. However, we shall not try 
to prove the bounding nature of the above statements 
because the general equations cannot be integrated ana- 
lytically. With Equations (39) and (40) inserted in 
Equation (18), we obtain after rearrangement 

26’PhAl,zd8’ 
T E  (41) d{ [G’AB~A,,~ - Ph( 1 + Bi8’)I2 + 4S’PhBiA1,2) - B’B~AA,,~ - Ph( 1 + WV) 

A or A* or Bi” + 0 
and the corresponding results are obtained directly from 
the more general equations. 

For convenience, all the bounding solutions developed 
in this paper are summarized in Table 1. Throughout the 
table the notation for T indicates the type of bound as well 
as the approach by which the bound is obtained and is 
consistent with the notation used in the previous sections. 
Identities such as 7 3  = 7 4  do, however, hold only within 
a block of boundary conditions 

APPROXIMATE SOLUTIONS 
A simple approximate result is obtained from the arith- 

metic mean of the upper and lower bounding solutions; 
that is 

A 

(38) 
- 
T = (‘T f T )/2 

Then, the maximum possible error is just half the differ- 
ence between the bounds and will be sufficiently small 
for many engineering applications (see the subsequent 
discussion of the results). For extremely small values of 
Ph and A, discrepancies may, however, become quite 
large because with Equation (38), for the sake of sim- 
plicity, we are limited to using the analytic bounds. In 
such cases we may, rather than derive an approximation 
by use of a numerically integrated lower bound, follow 
the more direct approach of approximating dO/& in Equa- 
tion (18) .  

Referring to Figure 2, we use either of the two approxi- 
mations: 

X=8 

with 

and 
A1 = 1 + Bis’/2 from Equation (39) 

A2 =1/2 + Bis’/3 from Equation (40) 

Though easy to integrate numerically, Equation (41) ap- 
pears to be somewhat inconvenient for practical applica- 
tions, where a safe result is often preferred to a more ac- 
curate but possibly unsafe result. Its use is therefore lim- 
ited to situations where Equation (38) becomes unsatis- 
factory. 

Justification for the above statement concerning the 
bounding nature of Equation (41) is drawn primarily 
from the comparison with the exact Neumann solution. 
For A = 0 and Bi + 00 we obtain 

1 
2 [ d ( 1 +  2/Ph) - 11 TAi  = 

and 
1 

‘TA2 = 3[d(1+ 413Ph) - 11 (43) 

The last equation is identical to the corresponding r2 in 
Table 1 and thus constitutes a lower bound, whereas 
Equation (42) provides an extremely tight upper bound 
as long as P h  1- 0.28, but not in general. Physical rea- 
soning does, however, suggest that in the more general 
cases the bounding character extends to at least the same 
values of Ph and is, indeed, likely to hold for all practi- 
cally occurring Ph values. 

We conclude that the approximations (41) developed 
in this section tend to be bounds and that the upper 
solution T A ~ ,  if not a bound, constitutes a good approxima- 
tion to the exact result. 
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are plotted as a function of A and Ph. The error is defined 
as 

A 

1 1  
2 3 L . 5-A 6 7 8 9 1 0  

Fig. 3. The maximum possible error involved in using the arithmetic 
mean of the two best analytic bounds. 

DISCUSSION OF RESULTS 

It is not the aim here to compare the present solutions 
with all the analytic and numerical results developed pre- 
viously for the various versions of the problem. As 
pointed out before, the advantage of our method is that 
the results have a built-in accuracy criterion. We can there- 
fore concentrate on the latter and restrict the comparison 
to areas of large discrepancy. The table shows clearly that 
for A = 0, all the analytic lower bounds are identical to 
the quasistationary solutions which are known 'to become 
increasingly inaccurate with smaller values of Ph and 
larger values of Bi. Hence, a similar trend will show up 
in any result that contains the lower bound. 

In Figure 3 lines of constant maximum possible error 

- 6 ,  

Fig. 4. Quality of the various bounds, illustrated for the general 
problem and a particular parameter combination. 

(44) 
h A 7 - - 7  

E =  ( T - T ) / ( T + T ) E -  /t 2 
and for each value of Bi the largest analytic lower and 
smallest upper bound have been chosen (see the above 
discussion on long- and short-time bounds). The quoted 
errors are, however, conservative in that for any combina- 
tion of A and Ph, the maximum discrepancy occurring over 
the entire range of Bi has been considered. Further, we 
have to keep in mind that the actual error may be sig- 
nificantly smaller than the maximum possible one. 

In order to provide an impression of the quality of the 
bounding solutions, two examples will be discussed for 
which Figure 3 predicts rather large errors. The first one 
is illustrated in Figure 4 and has also been dealt with by 
Stephan (1969). We point out that his assumption of a 
parabolic temperature profile satisfying the differential 
equation only at the solid/liquid interface is equivalent 
to our approximation (39) and leads, in fact, to the same 
Equation (41).  Since he claims an accuracy better than 
2.5%, we may use the numerical solution of Equation 
(41) (with A,) as a reference result. Included in the fig- 
ure are the upper bounds, Equations (36) and (37),  and 

it is seen that for long times r1 provides a much tighter 

bound than r3. Similarly, the lower bound is improved sub- 
stantially by considering Equation ( 14) rather than ( 15). 
This is evident, since the problem is characterized by a 
rather large heat flux from the melt and a small phase 
change parameter. The long-time lower bound r1 yields 
further improvement, particularly at large values of time. 
Since for this particular parameter combination the other 
two expressions r2 and ?A2 are almost identical to r3 and 
rl, respectively, they have not been plotted in Figure 4. 
For other parameter combinations (smaller A, larger Ph) ,  
the numerical integration of Equation (28) in particular 
may, however, be useful and is conveniently performed 
by a predictor-corrector method with a series solution for 
small values of Bi as a starting value. Obviously for short 
as well as very long times one can obtain quite accurate 
analytic solutions for 72 by neglecting in Equation (28) 
the corresponding terms of first-order smallness and for the 
remainder assume a series solution with higher terms sup- 
pressed. 

As a point of interest we note that from Figure 3 the 
maximum possible error E is 16.7% for the present param- 
eter combination, whereas the actual maximum error, 
from the comparison with Equation (41) ,  turns out to 
be only 7.5%. This stresses that Equation (44) can be 
used with quite some confidence. Lastly, we mention that 

r1 is always a tighter bound than the one suggested by 
Kern (1977), thus proving that his ppproach does in fact 
yield an upper bound. The discrepancy between his re- 
sults and those of Stephan (1969) on the above parameter 
combination appears to be due to an inaccurate numeri- 
cal integration of Stephan's Equation (36),  identical to 
our Equation (41) with Al. 

Quite a different picture is found for the second exam- 
ple illustrated in Figure 5. With A = 0 and Ph = 0.2, 
this is a situation where we expect large errors to occur. 
Figure 3 indicates a maximum possible error of over 40%. 
As before, the comparison with numerically exact results 
(Stephan and Holzknecht, 1974) reveals, however, that 
Equation (44) predicts the solidification time by a lesser 
amount, that is between 18% at Bi + CLI and 11% at Bi 
= 0.5. But the agreement is not really satisfactory and 
may call for a numerical integration of the improved 

AlChE Journal (Vol. 24, No. 2) 

A 

A 

A 

Page 168 March, 1978 



3 -  

0 I I 
0 5  10 15 20 

1/0i 

Fig. 5. Quality of the various bounds and approximate results, 
illustrated for no heat flux from the melt and a small phase change 

parameter. 

lower bound r2; as expected, the improvement is seen to 
be quite significant. As before, a short-time analytic solu- 
tion for r2 can be generated, while for long times T~ con- 
verges towards T ~ ( B ~ *  = 0)  as given in the table. On 
the other hand, Megerlin (1966) has derived an analytic 
solution to Equation (41) with A = 0. The upper ap- 
proximation (A, )  was found to be accurate to within 
1.7%, and although the resulting expression for T is 
rather lengthy, it is certainly preferential to any numeri- 
cal result. If a simpler analytic result is ever required, one 
may use the upper bound on its own because it constitutes 
a safe result of about the same accuracy as F from r4. 
Alternatively, one can employ weighting factors other than 
the rather arbitrary 0.5 for lower and upper bounds (see 
Kern, 1977) and obtain accurate and yet simple approxi- 
mations. 

Similar conclusions are drawn when the bounding solu- 
tions for constant heat flux at the wall (Ph”, A * )  are 
compared with available data, but, for conciseness, the 
discussion has been omitted. In summary, it can be stated 
that the present approach yields very accurate bounds or 
approximate solutions as long as the solidification rate is 
not too large, Since this rate is inversely proportional to 
the heat influx from the melt as well as to the values of 
Ph and (WE), the best predictions are expected and in- 
deed found for the general problem, whereas agreement is 
poorest for the classical Stefan problem ( A  = 0, Bi 3 00 ). 

NOTATION 

Bi = hd,/k = Biot modulus 
Bi* = A B ~  = modified Biot modulus for h + M 

c = specific heat capacity, J/(kgK) 
d, do = instantaneous, arbitrary thickness of solidified 

E 
h, h,,, = heat-transfer coefficient at  the cold, warm side 

of the solidified slab, W/ ( m2K) 
k = thermal conductivity, W/ (mK) 
Ph = A’/ (c[Tp - T,] ) = phase-change parameter 
Ph’ = ,i’k/(qd,c) = modified phase change parameter 

for constant heat flux at  the cold slab surface 

slab, m 
= relative error, Equation (44) 

g 
t = time, s 
T = temperature, K 
x 
X = x/d,  = nondimensional coordinate 

Greek Letters 

= heat flux density at the cold slab surface, W/m2 

= coordinate perpendicular to the cooling face, m 

thermal diffusivity, m2/s 
d/d, = nondimensional solid thickness 
hm(Tm - Tp)/[h(Tp - T,)] = heat flux param- 
eter 
h+n( Tm - T p ) / q  = modified heat flux parameter 
(T - T,)/(Tp - T,) = nondimensional temper- 
ature 
latent heat of fusion, J/kg 

sion, J/kg 
density, kg/m3 
ta/dO2 = nondimensional time 

+ Cm(Tm - Tp) = modified latent heat of fu- 

Subscripts 
c 
m = relating to melt 
p 
w 
1, 2, 3, 4 = relating to the various types of approximation 
Superscripts 

= relating to cooling fluid 

= at phase change condition 
= relating to cooling face 

0 = in connection with e referring to an approximated 
temperature profile 

A z upperbound - = arithmeticmean 
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Droplet Size Spectra Generated in 
Turbulent Pipe Flow of Dilute 
Liquid /Liquid Dispersions 

Experiments were carried out with water dispersed in hydrocarbons at 
various flow rates. The measured size spectra can be well represented by 
either an upper limit log-probability function or a Rosin-Rammler type of 
equation with constant parameters and only one variable, the maximum drop 
diameter d,,, or dss. The latter can be predicted satisfactorily by a correla- 
tion based on the Hinze/Kolmogorov model of droplet breakup. 

A. J. KA RA 0 E LAS 
Westhollow Research Center 
Shell Development Company 

P.O. Box 1380 
Houston, Texas 77001 

Reliable estimates of the distribution of droplet sizes 
in flowing liquid/liquid dispersions are required in many 
areas of chemical engineering practice, for example, in the 
design of chemical reactors and of physical separation 
processes. At present, it is impossible to make such a priori 
estimates even in common problems, including pipe flow 
of dilute dispersions, owing to insufficient information 
about the effect of flow conditions on the size spectrum. 

Collins and Knudsen (1970) have published the only 
available drop size distribution data, obtained in well- 
defined turbulent pipe flow with water as the continuous 
phase. These authors reached a rather disturbing conclu- 
sion, namely, that their data did not conform to any of 
the presently available distribution functions, such as the 
lognormal, upper limit log-normal, etc. In order to in- 
terpret the measured size spectra, Collins and Knudsen 
developed a computer aided stochastic model by postu- 
lating a breakup mechanism in which the maximum stable 
drop size d,,, is a basic input parameter. However, the 
presently available correlations due to Hinze (1955) and 

Sleicher (1962) predict maximum droplet sizes d,,,, in 
turbulent pipe flow, which differ almost by an order of 
magnitude for flow conditions and liquid properties of 
practical interest. Moreover, according to the Hinze model, 
d,,, is approximately inversely proportional to the mean 
velocity whereas in the Sleicher correlation, d,,, varies 
with u - 2 . 5 .  It is clear, therefore, that in the problem con- 
sidered here, the literature provides very little guidance of 
questionable reliability. 

The need to describe dispersions of water in flowing 
hydrocarbons provided the motivation for this work. The 
main objective was to make accurate measurements of 
droplet size spectra generated in turbulent pipe flow. In 
the absence of a satisfactory theory, such measurements 
are necessary in order to select the most representative dis- 
tribution function and to study the influence of flow con- 
ditions and liquid properties on some physically significant 
parameters of the size spectrum, for example, the Sauter 
mean a2 or the maximum droplet diameter d,,,. 

CONCLUSIONS AND SIGNIFICANCE 

Accurate data of water drop size spectra have been ob- 
tained by a relatively new droplet encapsulation technique. 
Two liquid hydrocarbons of viscosity approximately 2 and 
20 mN s/m2 have been used as the continuous phase in a 
5.04 cm I D  pipe loop with a straight test section 32 m 
long. The measured spectra show a remarkable similarity 
and can be satisfactorily represented by either an upper 
limit log-probability function or a Rosin-Kammler type of 
equation with nearly constant parameters (see Tables 2 
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and 4), the only variable being the characteristic size 
d,,, or ds5. The latter can be predicted independently as 
a function of flow conditions and liquid physical properties. 

The maximum drop sizes, or dg5, appear to be approxi- 
mately inversely proportional to the mean flow velocity, 
in agreement with the theory of Kolmogorov (1949) and 
Hinze (1955). A correlation proposed by the latter author, 
essentially untested so far for pipe flow of dilute disper- 
sions, has been reexamined and slightly modified to im- 
prove its accuracy at high Reynolds numbers. Our data 
are generally in good agreement with this correlation 
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